We obtain a Central Limit Theorem for closed Riemannian manifolds, clarifying along the way the geometric meaning of some of the hypotheses in Bhattacharya and Lin's Omnibus Central Limit Theorem for Fréchet means. We obtain our CLT assuming certain stability hypothesis for the cut locus, which always holds when the manifold is compact but may not be satisfied in the non-compact case.
Introduction
Statistics on Riemannian manifolds has attracted much interest, it being the natural setting for considering data on smooth curved spaces. In this context, Bhattacharya and Patrangenaru proved in their seminal work [7, 8] a Central Limit Theorem (CLT) for intrinsic Fréchet means on Riemannian manifolds (see [8, Theorem 2.1] ). More recently, Bhattacharya and Lin obtained an Omnibus CLT for intrinsic Fréchet means on more general metric spaces and discussed some of its Riemannian consequences (see [6, Theorem 2.2] or Section 4 below). In this note we further examine the Omnibus CLT in the Riemannian setting and shed light on the roles played by the cut locus and compactness.
Before stating our main result, let us discuss its context (see Section 4 for a more detailed discussion). Let M be a complete Riemannian m-manifold and let µ be a probability measure on M . We denote the distance between two points p, q ∈ M by d(p, q) and let U p be an open normal neighborhood around p ∈ M , so that there exists a system of normal coordinates ϕ : U p ⊆ M → V ⊆ T p M ∼ = R m given by the inverse of the exponential map exp p : T p M → M . Necessary conditions for the √ n-asymptotic Gaussian CLT for intrinsic Fréchet means on Riemannian manifolds are obviously:
(A1) The existence and uniqueness of the Fréchet mean of the measure µ (which is a difficult issue, e.g. [18, 21, 22, 12, 1] not covered here).
(A3) µ n P →µ, where µ n is the empirical distribution based on n independent random variables with common distribution µ (which can be assumed due to the very general strong laws of Ziezold [29] and Bhattacharya-Patrangenaru [7] ). (A4) The existence of moments of derivatives of the function given by v → d(φ −1 (v), p) 2 , for p ∈ M (1st moment of 2nd derivative and 2nd moment of 1st derivative), which go into the covariance of the asymptotic Gaussian distribution (which are the analogs of standard requirements in the Euclidean case). (A6) Non-singularity of the Hessian Hess v=0 E[ρ(ϕ −1 (v), p) 2 ], for p ∈ M , which is a necessary condition for a √ n-limiting law.
In addition to (mild generalizations of) the preceding conditions (see Section 4) , the Omnibus CLT in [6] additionally requires:
(A2) Twice differentiability of the function v → d(ϕ −1 (v), p) 2 for µ-a.e. p ∈ M . (A5) Locally uniform L 1 smoothness of the Hessian of d(ϕ −1 (v), p) 2 , for p ∈ M .
We believe that (A5) is deeply related to (A2). In particular, it would seem from [6, Corollary 2.3] that (A2) is implied by the following condition involving the cut locus of the Fréchet mean:
(C) There exists a neighborhood of the cut locus of the unique Fréchet mean carrying no probability.
In this contribution, we show that this is true on compact Riemannian manifolds but false in general, leading to the following refinement of [6, Corollary 2.3] . Recall that a manifold is closed if it is compact and has no boundary. 
We obtain Theorem A as a consequence of the Omnibus CLT, under the more general assumption that, for any point p ∈ M , the cut locus Cut(p) of p is (topologically) stable, i.e. that for any open neighborhood U (Cut(p)) of Cut(p) in M , there exists r > 0 such that Cut(B(p, r)) ⊆ U (Cut(p)). This property is implied by the compactness of M and is in general not true for complete, noncompact Riemannian manifolds (see Section 3). Example 4.3 shows that this stability property is in fact necessary in order to apply the Omnibus CLT. As pointed out in [6] , Theorem A improves upon Bhattacharya and Patrangenaru's CLT for the intrinsic Fréchet mean in [8] and [5, Theorems 2.3 and 5.3] .
Our article is organized as follows. In Section 2 we recall basic material on the Fréchet function and the Fréchet mean. In Section 3 we recall basic material on the cut locus, discuss different notions of stability, and show that the cut locus of a closed Riemannian manifold is topologically stable. We use this fact in Section 4, where we discuss the Omnibus CLT and prove Theorem A.
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Fréchet means
In this section we recall some basic material on Fréchet means.
2.1. Basic definitions. Although we will work in the Riemannian setting, the basic objects we consider can be defined in the more general context of metric measure spaces and we will define them in this generality. For an in depth review of means in the Riemannian case, including a historical discussion, we refer the reader to [1] . Usual examples of metric measure spaces include complete Riemannian m-manifolds with the canonical m-dimensional volume measure, m-dimensional Alexandrov spaces (with curvature bounded below) with the m-dimensional Hausdorff measure, RCD * (K, N ) spaces. Alexandrov spaces generalize complete Riemannian manifolds with a uniform lower sectional curvature bound, while RCD * (K, N ) spaces generalize complete Riemannian manifolds with Ricci curvature bounded below by K and dimension bounded above by N .
The value F (q) ∈ R, if existent, is the expected squared distance from the point q ∈ Q. Suppose that F is finite for some q ∈ Q and that it has a minimum value m = min q∈Q F (q).
Let F −1 (m) ⊂ Q be the preimage of the minimum value m. As customary, we call the elements of F −1 (m) the minimum points (or minimizers) of the Fréchet function F . This set is sometimes denoted in the literature by argmin q∈Q F (q). Note that the Fréchet function always has a minimum if Q is compact. Definition 2.3. Let (Q, d, µ) be a metric measure space, let F be its Fréchet function and assume that F has a minimum value m. The set F −1 (m) of minimum points of F is the Fréchet mean set of (Q, d, µ). If the Fréchet mean set consists of a single point q o ∈ Q, we say that the Fréchet mean of (Q, d, µ) exists and is equal to q o .
Note that in the literature the Fréchet mean is also known as the barycenter or center of mass (cf. [1, 9, 28] ). In the special case where the metric measure space is a (complete) Riemannian manifold with the volume measure, the Fréchet mean is known as the (Riemannian) center of mass or Karcher mean (cf. [13, 18, 19] ).
The Fréchet mean set exists under fairly general conditions on (Q, d, µ). Indeed, in the Riemannian case, completeness of the metric and finiteness of the Fréchet function suffice. This was proven in [7] . The argument, however, is metric and carries over to metric measure spaces that satisfy the Heine-Borel property (i.e. all closed bounded subsets are compact). Proposition 2.4 (cf. [7, Theorem 2.1 (a)]). Let (Q, d, µ) be a metric measure space that satisfies the Heine-Borel property and let F be its Fréchet function. If there is a point q ∈ Q such that that F (p) is finite, then the Fréchet mean set is a nonempty compact subset of Q.
Granted the existence of the Fréchet mean set, it is of interest to find conditions that ensure that it consists of a single point. This is the case, for example, when the metric measure space is a CAT(0) space (i.e. it is simply connected and has non-positive curvature in the triangle-comparison sense). This was proven for Riemannian manifolds in [7, Theorem 2.1 (b)] and, for CAT(0) metric measure spaces, by Sturm [28] . In the case of lower curvature bounds, the situation is more complicated (see, for example, [25] for Alexandrov spaces with non-negative curvature or [1] for Riemannian centers of mass). Remark 2.5. One may also consider extrinsic Fréchet means, defined in terms of an isometric embedding of a metric space into an ambient Euclidean space (see [7, Section 3] ). We will not consider these here. The Fréchet mean we have defined is also known as the intrinsic Fréchet mean (cf. [7] ). Since this object is an invariant of the metric measure space, we will refer to it, when it exists, simply as the Fréchet mean (of the metric measure space).
2.2.
Fréchet sample means. Let (Q, d, µ) be a complete metric measure space. Assume that F is finite on Q and has a unique minimizer q o (which is, by definition, the Fréchet mean of µ). Let n be a positive integer and let {Y j } n j=1 be independent random variables taking values on Q with common distribution µ. The empirical distribution µ n based on the random variables Y j is given by
The Fréchet sample mean (set) is the Fréchet mean (set) of µ n , that is, the set of minimizers of the Fréchet function of µ n , given by
Under broad conditions, for example, for metric spaces which satisfy the Heine-Borel property, every measurable choice q n o from the Fréchet sample mean set of µ n is a consistent estimator of q o , that is, q n o → q o almost surely, as n → ∞ (see [7, Theorem 2.3] ). More generally, this also holds for separable pseudo-metric spaces, by the work of Ziezold [29] (noting that in [29] a pseudo-metric is called a finite quasi-metric). The requirement that the space satisfies the Heine-Borel property has been relaxed in [16, Theorem A.4] , where one only requires that the closure of the union from some finite n to ∞ of the sample mean sets satisfies the Heine-Borel property. This allows, for example, for infinite dimensional Riemannian manifolds and Alexandrov spaces.
Remark 2.6. The (local) regularity of the Fréchet function F on a Riemannian manifold with a probability measure µ is an important assumption in the proofs of central limit theorems for Fréchet means. This is already the case in Bhattacharya and Patrangenaru's Central Limit Theorem for Fréchet means on Riemannian manifolds [8, Theorem 2.1] and is also assumed as a hypothesis in the proof of the Omnibus Central Limit Theorem (see [6, Theorem 2.2] and compare with Theorem 4.1). Obtaining necessary and sufficient conditions that ensure the regularity of the Fréchet function is a non-trivial problem, as it is important to understand how the cut loci of nearby points are related (see Section 3).
The Riemannian cut locus
In this section we review some basic facts about the cut locus, following [26, Chapter III, Section 4]. We then consider stability conditions for the cut locus that will play a role in the next section.
3.1.
Background. Let M be a complete Riemannian manifold, i.e. a C ∞ -manifold with a complete C ∞ Riemannian metric. We let U p M ⊂ T p M be the unit tangent space of M at p. We will denote the unit tangent bundle of M by U M . Given p ∈ M , the exponential map exp p is defined on all of T p M and, since M is complete, there exists a minimal (i.e. distance-realizing geodesic) segment between any two points of M . We say that a geodesic γ : [a, b] → M is normal if it is parametrized with respect to arc-length, i.e. if ||γ ′ (t)|| = 1 for all t ∈ [a, b]. Given a unit tangent vector u ∈ U p M , we will denote by γ u : [0, ∞]) → M the geodesic starting out from p with initial direction u. We assume throughout that our Riemannian manifolds are connected.
Define
Recall that if γ is a geodesic segment joining two points p, q ∈ M , q is conjugate to p along γ if there is a non-zero Jacobi field along γ vanishing at p and q. It is a basic fact in Riemannian geometry that geodesics emanating from a given point p ∈ M do not minimize past their first conjugate point. (
is a normal minimal geodesic and at least one of the following conditions holds:
Note that if M is compact, then t(u) is finite for any u ∈ U M , and vice versa.
are called, respectively, the tangent cut locus, and the cut locus of p. Let
We call Int(p) = exp p ( Int(p)) the interior set at p.
The tangent cut locus, the cut locus and the interior set of p are related in the following way. 
where γ pq denotes a unique minimal geodesic from p to q parametrized by arc length. In particular, ||(∇d p )(q)|| = 1.
(3) If there exist at least two normal minimal geodesics γ 1 , γ 2 joining p to q, then d p is not differentiable at q. Note that such q belong to Cut(p).
For the Hessian of d p we have the following result, which follows from the second variation formula. 
be the Jacobi field that is the vertical component of X(t) with respect toγ. Then
We now consider the halved square of the distance function. Let M be a complete Riemannian manifold and fix p ∈ M . Let h p : M → R be given by
Then h p is of class C ∞ on M \ Cut(p) and, for u ∈ T p M , the following hold: The topological stability of the cut locus of a closed Riemannian manifold is a consequence of the following continuity result.
Theorem 3.7. Let M be a closed C ∞ -manifold and let {g n } ∞ n=1 be a sequence of C ∞ Riemannian metrics on M that converges to a Riemannian metric g in the C ∞ topology. Let {(p n , v n )} ∞ n=1 ⊆ T M be a sequence with v n ∈ Cut(p n ), the tangent cut locus of p n with respect to the metric g n . If (p n , v n ) → (p, v), for some (p, v) ∈ T M , then v ∈ Cut(p).
Proof. Let exp n and exp denote, respectively, the exponential map of (M, g n ) and of (M, g). Since g n → g in C ∞ and the geodesic equations involve only first order derivatives of the metrics, exp n → exp in C ∞ . Let p n ∈ (M, g n ), v n ∈ Cut(p n ) ⊆ T pn M , and suppose that (p n , v n ) → (p, v), with p ∈ M and v ∈ T p M . Then, after maybe passing to a subsequence, one of the following holds:
(a) det(d((exp n ) pn ) vn ) = 0 and this passes to the limit, since the sequence {(exp n ) pn } ∞ n=1 converges to exp p in C ∞ , or (b) for each n there exists w n ∈ T pn M with w n = v n and |w n | = |v n | such that (exp n ) pn (v n ) = (exp n ) pn (w n ), the geodesics t → (exp n ) pn (tv n ) and s → (exp n ) pn (sw n ), 0 ≤ s, t ≤ |v n | minimize and w n → w for some w ∈ T p M . If v = w, then det(d(exp) v ) = 0. Otherwise, (exp n )p n would be bijective on a neighborhood of (p, v), contradicting the existence of the p n , v n and w n . If v = w, we are done as well, so v must lie in the tangent cut locus of p with respect to g.
Thus, we conclude in both cases that v ∈ Cut(p). Proof. Suppose, for the sake of contradiction, that the conclusion of the corollary does not hold. Then there exist a point p ∈ M , an open neighborhood U (Cut(p)) and a sequence of points p n ∈ M and tangent vectors v n ∈ Cut(p n ) such that p n → p and exp pn (v n ) / ∈ U (Cut(p)). Since M is compact, its diameter is finite, so the sequence {(p n , v n )} lies in a compact subset of the tangent bundle T M . Hence, after passing to a subsequence if necessary, there exists v ∈ T p M such that (p n , v n ) → (p, v). Thus, by Theorem 3.7, v ∈ Cut(p). Since the exponential map is continuous, Hence, any open neighborhood of Cut(p) = ℓ that does not contain a band centered at ℓ with fixed width yields a counterexample to the topological stability condition. We explicitly construct such a counterexample below.
Consider C = C/ ∼, with x + iy = z ∼ z ′ = x ′ + iy ′ if and only if (x − x ′ )/2π ∈ Z and y = y ′ , equipped with the canonical, quotient geometry. For convenience, we identify C with {z = x + iy ∈ C : −π ≤ x ≤ π} and obtain a locally flat space which is not of global nonpositive curvature. Rather, since geodesic segments are either vertical segments or traces on C of straight lines in C, the set Cut(iy 0 ) = {−π + y : y ∈ R} , is non-empty for any y 0 ∈ R, and U (Cut(iy 0 )) = {x + iy ∈ C : π − x < 1/|y| < π or π + x < 1/|y| < π} ∪ {x + iy ∈ C : 0 = x and |y|π ≤ 1} is a neighborhood of Cut(iy 0 ). This neighborhood has the property that for every vertical line L r = {z ∈ H : ℜ(z) = π − r}, 0 < r < π, we have L r ⊆ U (Cut(iy 0 )). However, since every geodesic ball B(iy 0 , r) of radius 0 < r < π about iy 0 has the property that L r/2 ⊆ Cut B(iy 0 , r) we have that Cut B(iy 0 , r) ⊆ U (Cut(iy 0 )) for every 0 < r < π, i.e. the cut locus is not topologically stable. 7 In Example 3.9 above, Cut B(iy 0 , r) = B(Cut(iy 0 , r)). Thus the following condition, which is weaker than the topological stability of the cut locus, holds on the flat cylinder. Cut(B(p, r) ) be the cut locus of the ball (defined as the union of the cut loci of the points in B(p, r) and let B (Cut(p), r) denote the open r-neighborhood of Cut(p). We say that the cut locus Cut(p) of a point p ∈ M is metrically continuous at p ∈ M if, for any ε > 0, there exists δ > 0 such that Cut (B(p, δ) ) ⊆ B(Cut(p), ε). We say that the cut locus is metrically stable if Cut(p) is metrically stable for all p ∈ M .
Note that topological stability implies metric stability. Example 3.9 shows that metric stability does not imply topological stability when the manifold is non-compact. Assuming compactness, however, metric stability does imply topological stability. Hence, in the compact case, both properties are equivalent. Fig. 1 .60] and compare with [27, Ch. 5.2] , where this manifold is called the complete pseudosphere). For convenience, we identify T with {z = x + iy : −π ≤ x < π, y > 0} and obtain the quotient distance for z, w ∈ T given by
Notably, T inherits from H constant negative sectional curvature −1, but it is no longer of global nonpositive curvature in the triangle comparison sense, i.e. it is not a CAT(0) space, since it is not simply connected. Rather, since geodesic segments are either vertical segments or traces on T of arc segments on circles vertical to the real line, ∅ = Cut(iy 0 ) = {−π + y : y > 0} , for any y 0 > 0, and for given δ > 0, setting α = (cosh δ − 1)/2,
is a neighborhood of Cut(iy 0 ) which, by construction, contains the neighborhood B(Cut(iy 0 ), δ) with hyperbolic δ-distance to Cut(iy 0 ). For every δ > 0 and for every vertical half line L r = {z ∈ H : ℜ(z) = π − r}, 0 < r < π, we have L r ⊆ U δ (Cut(iy 0 )). However, since every hyperbolic ball B(iy 0 , r) about iy 0 of radius 0 < r < arsinh(π/y 0 ) is equal to a suitable Euclidean ball B(iy 0 , r) = {z ∈ C : |iy 0 cosh r − z| 2 < y 0 sinh r} , we have that L y 0 (sinh r)/2 ⊆ Cut B(iy 0 , r) . In consequence, Cut B(iy 0 , r) ⊆ B(Cut(iy 0 ), δ) for every δ, r > 0, i.e. the cut locus is not metrically stable. Besides some obvious observations, it is not clear at the moment what are the precise relations between the continuity of the cut locus function and the stability notions defined above.
A Riemannian Central Limit Theorem
In this section we prove Theorem A. It will be a corollary to Bhattacharya and Lin's Omnibus Central Limit Theorem, which we recall below, under the assumption that the topological stability of the cut locus holds. We conclude with Example 4.3, which shows that the hypotheses in [6, Corollary 2.3] are not sufficient to derive its conclusions, which correspond to those in Theorem A. 
Here U is given the relative topology on Q. 9 (A2b) For µ-a.e. p ∈ Q, the function h(·, p) :
is twice continuously differentiable, i.e. C 2 , on V ⊆ R m .
(A3) P(q n o ∈ U ) → 1 as n → ∞.
(A4) Let 1 ≤ j, j ′ ≤ n, fix p ∈ Q (where the derivatives exist), and let 
Then E|u j,j ′ (ε, Y 1 )| → 0 as ε → 0. . Let (Q, d, µ) be a metric measure space, let Y 1 , . . . , Y n ∼ µ be n ≥ 1 independent random variables and suppose that conditions (A1)-(A6) hold. Let C be the covariance matrix of
The hypotheses of the OCLT in the Riemannian case. In preparation for the proof of Theorem A, we make the following observations on conditions (A1)-(A6) above in the case where the metric measure space is a complete Riemannian n-manifold equipped with some probability measure. We will always assume that the Riemannian metric is C ∞ .
(RA1) Condition (A1) holds for complete, simply connected Riemannian manifolds with nonpositive sectional curvature, the so-called Hadamard manifolds).
(RA2a) Condition (A2a) holds for topological manifolds (hence for Riemannian manifolds) and, more generally, for metric measure spaces that are locally homeomorphic to open subsets of R n . Note that the condition that U be measurable is redundant. Indeed, via the homeomorphism ϕ, the set U is open and hence measurable.
(RA2b) Let M be a complete Riemannian manifold with Fréchet mean q o for the volume measure. The fact that the volume of the cut locus of any point in M follows from the independent work of several authors. Indeed, as pointed out in [2, Section 2.4] , by the work of Barden and Le [6] , Hebda [14] , Itoh and Tanaka [17] , or Li and Nirenberg [24] , the Hausdorff dimension of the cut locus of any point in M is an integer and is at most n − 1. Hence, the cut locus of any point in M has volume zero. Notably, if instead of the volume one considers a finite measure µ on M , then, under certain mild assumptions, Cut(q o ) has µ-measure zero due to Le and Barden's Theorem [23, Theorem 1] . For a more detailed discussion of the structure of the cut locus up to a set of Hausdorff codimension three, we refer the reader to the work of Angulo Ardoy and Guijarro [2] . Let U be a normal neighborhood of the Fréchet mean q o ∈ M . If Cut(U ) has measure zero, then condition (A2b) holds.
(RA3) Condition (A3) holds by Ziezold's Strong Law of Large Numbers [29] .
It is not clear under which geometric assumptions conditions (A4)-(A6) hold. Elucidating this matter is a problem for future consideration. With these remarks in hand, we are ready to prove Theorem A.
4.3.
Proof of Theorem A. The main result is a corollary to the Omnibus Central Limit Theorem (Theorem 4.1 above). Thus, we only need to verify that the hypotheses of this theorem hold under the assumptions of Theorem A. By our remarks in the preceding subsection, the hypotheses in Theorem A imply conditions (A1), (A2a) and (A3)-(A6) hold. Therefore, to apply the Omnibus Central Limit Theorem, we need only verify that condition (A2b) holds.
Since M is closed, it follows from Corollary 3.8 that the cut locus is topologically stable. Thus, our two key hypotheses are the following: Then it is clear that (C') follows from conditions (B) and (C). The following lemma concludes the proof of Theorem A. 
For the function to be C 2 in v for µ-a.e. p ∈ Q, it is thus sufficient that ϕ −1 (v) / ∈ Cut(p) for µ-a.e. p ∈ Q. Since ϕ −1 (v) ∈ Cut(p) if, and only if, p ∈ Cut(ϕ −1 (v)), it is thus sufficient that p / ∈ Cut(ϕ −1 (v)) for µ-a.e. p ∈ Q. Now let V = B(ϕ(q o ), r ′ ) such that ϕ −1 (V ) ⊆ B(q o , r). Then we have from (C') that µ(Cut(ϕ −1 (V ))) = 0 and thus we get for
The topological stability of the cut locus, corresponding to condition (B) above, along with condition (C), played a key role in the proof of Theorem A. In [6, Corollary 2.3] , which claims the same conclusions as Theorem A, only condition (C) is assumed, so it would seem that Condition (C) ⇒ Condition (A2b). This is, however, false and below we give a counterexample. By Corollary 3.8, this counterexample must necessarily be non-compact. It follows that it is not possible to apply the OCLT in the Riemannian case if one only assumes that conditions (A1), (A4)-(A6), and (C) hold. Note, though, that if condition (C) holds, then Cut(q o ) has measure zero. By construction the Euclidean mean on C exists for ν, which is then unique and lies, by symmetry, on the imaginary axis and we denote it by iy ν . Further, we introduce the unit point mass δ = δ iyν . In consequence, for every 0 ≤ α ≤ 1 the combined probability measure µ α = αν + (1 − α)δ has the unique Fréchet mean iy ν in C.
In order to compute the Fréchet means of µ α on C, we consider the corresponding Fréchet functions for w ∈ C, On the other hand, letting A r = sup w∈Br F 1 (w) ≥ 0 and 0 ≤ α < r 2 /(r 2 + A r ), for every w ∈ T \ B r we have F α (w) ≥ αF 1 (w) + (1 − α)r 2 ≥ (1 − α)r 2 > αA r ≥ F α (iy ν ) .
In consequence, whenever α < r 2 /(r 2 + A r ), all Fréchet means of µ α on C lie within B r , and by symmetry, they have the form w α = ±ε α + iv α , for suitable 0 ≤ ε α < r and y ν − r < v α < y ν + r.
We now show that w α = iy ν for α > 0 sufficiently small. Then (A1) holds, and, as anticipated, (C) holds but not (A2b). To this end, for given ε > 0, decompose R into the sets ≤ 2γ 1 + |w| 2 (π − 1) 2 ε 4 ≤ 2γ 1 + |y ν | 2 + r 2 (π − 1) 2 ε 4 . , and suppose that w α = ε α + iv α ∈ B r is a Fréchet mean of µ α which is not iy ν . If ε α = 0 and v α = y ν , then we obtain the contradiction,
because iy ν is the unique Fréchet mean of µ α in C. Else, if ε = ε α = 0, using (4.6), we obtain another contradiction
Remark 4.4. At this point we anticipate that if we had used y 3 instead of y 5 in (4.5) we might have encountered smeariness as discussed in [15] and [11] . This would, however, violate condition (A6).
